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Abstract
The Lusternik–Schnirelmann π1-category, catπ1 X, of a space X is the least integer k such that there is a covering of X by
(k + 1) open subsets, every loop in each of which is contractible in X. Let f :X → K(π1(X),1) be a map inducing an iso-
morphism on π1. The π1-cohomological dimension, dπ1 (X), of a space X is the largest integer k such that the homomorphism
f ∗ :Hk(K(π1(X),1);Λ) → Hk(X;Λ) is non-trivial for some π1(X)-module Λ. The π1-cohomological dimension is a lower
bound of the Lusternik–Schnirelmann π1-category. We determine the π1-cohomological dimension of all the non-simply connected
compact simple Lie groups except for the projective orthogonal group PO(2m) with m  5. We also determine the Lusternik–
Schnirelmann π1-category of SO(m) for 3m 10, Ss(2r ), PSp(2r ), PU(pr ) and PO(8).
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1. Introduction
The Lusternik–Schnirelmann category (L-S category for short) and its variations have been investigated by many
authors. The Lusternik–Schnirelmann π1-category (L-S π1-category for short) is one of them which is defined by
Fox [9].
A subset U of a space X is called π1-contractible in X if every loop in U is contractible in X. The L-S π1-category,
catπ1 X, is the least integer k such that there is a covering of X by (k + 1) open subsets, which are π1-contractible
in X. If there is no such integer, catπ1 X = ∞.
The following theorem characterizes the L-S π1-category.
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connected and locally path connected space. Then, catπ1 X  k if and only if there exists a connected CW-complex K
of dimension k and a map g :X → K such that g∗ :π1(X) → π1(K) is an isomorphism.
In the theorem, a CW-complex of dimension k means that it consists of cells of dimension smaller than or equal
to k.
Let f :X → K(π1(X),1) be a map to the Eilenberg–MacLane complex which induces an isomorphism on π1. Let
Λ be a π1(X)-module. Then we obtain a homomorphism of the cohomology with the local coefficient
f ∗ :H ∗
(
K
(
π1(X),1
);Λ)→ H ∗(X;Λ).
Notation 1.2. (See [16], [17, Definition 1].) We define
dπ1(X;Λ) = max
{
k | Im(f ∗ :Hk(K(π1(X),1);Λ)→ Hk(X;Λ)) = 0},
dπ1(X) = max
{
dπ1(X;Λ) | Λ is any local coefficient
}
,
which we call π1-cohomological dimension.
Let us recall the height
height(x) = sup{i | xi = 0 for x ∈ H ∗(X;R)},
where R is a commutative ring with trivial π1(X)-action. If π1(X) ∼= Z/n, then the algebra structure of the integral
cohomology of K(π1(X),1) is given by
H ∗
(
K
(
π1(X),1
);Z)= Z[x2]/(nx2),
where x2 ∈ H 2(K(Z/n,1);Z) is the generator. Then it is easy to show that
dπ1(X;Z) = 2 height(f ∗x2). (1.1)
In a similar way, if π1(X) ∼= Z/2n′ and (2, n′) = 1, we have
dπ1(X;Z/2) = height(x1), (1.2)
where x1 ∈ H 1(X;Z/2) is the generator.
Theorem 1.1 induces that dπ1(X;Λ) dπ1(X) catπ1 X for any local coefficient Λ, since f can be decomposed
as follows:
f :X → K → K(π1(X),1),
where K is a CW-complex of dimension k = catπ1 X.
In this paper, we determine the π1-cohomological dimension for almost all the connected compact simple Lie
groups G. For a simply connected space X, it is obvious that dπ1(X) = 0. In the following theorem, we determine the
π1-cohomological dimension of non-simply connected compact simple Lie groups except for the projective orthogonal
group PO(2m) with m 5.
Theorem 1.3. We have
dπ1
(
SO(m)
)= 2s − 1 for 2s−1 <m 2s ,
dπ1
(
Ss(4m)
)= 2r − 1 for 4m = 2rq and (2, q) = 1,
dπ1
(
PSp(m)
)= 2r+2 − 1 for m = 2rq and (2, q) = 1,
dπ1
(
SU(m)/Cn
)= max{2prii − 1 | m = pr11 pr22 . . . prjj and pi |n},
dπ1
(
PO(8)
)= 14,
dπ1(Ad E6) = 17,
dπ1(Ad E7) = 3,
where Cn is a central subgroup of SU(m) of order n 2 with n|m.
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K which induces the isomorphism of the fundamental group. If dπ1(X) = dimK , then we have dπ1(X) = catπ1 X =
dimK , since dπ1(X) catπ1 X  dimK .
Theorem 1.4. We have
catπ1 SO(m) = 2s − 1 for 2s−1 <m 2s and 3m 10,
catπ1 Ss(2
r ) = 2r − 1,
catπ1 PSp(2r ) = 2r+2 − 1,
catπ1 SU(p
r)/Cps = 2pr − 1,
catπ1 PO(8) = 14.
Now we review the L-S category catG of compact simple Lie group G. Almost all the results are listed in [15,
Table 1] except for Spin(9) and SO(10) (see [14,13]). We write the results of the L-S category of the non-simply
connected compact simple Lie group briefly: For m 10, we have cat SO(m) = cupZ/2 SO(m) where cupR G is the
cup-length of the cohomology H ∗(G;R). We also have cat SU(pr)/Cps = 3(pr − 1) and cat PO(8) = 18.
In Section 2 we introduce fundamental properties of the π1-cohomological dimension when the fundamental group
is a finite cyclic group. Especially, we show that the cohomology with specific coefficients are important to determine
the π1-cohomological dimension. In Section 3 we prove Theorem 1.3. In Section 4 we prove Theorem 1.4 using fibre
bundles
F → E → B,
where the right map satisfies the assumption of Theorem 1.1.
2. π1-cohomological dimension for the space with a finite cyclic fundamental group
In this section, we deal with CW-complexes with fundamental group π1(X) isomorphic to a cyclic group Z/n,
which we denote by π .
Let Z[π] be a group ring and ε :Z[π] → Z an augmentation. We regard Z as a trivial π -module. Then the augmen-
tation ε is the π -homomorphism. The kernel of ε is denoted by I
0 → I → Z[π] ε→ Z → 0, (2.1)
which is a free Z-module of rank n− 1. If n = 2, the ideal I is isomorphic to the integer with non-trivial Z/2-action,
which is sometimes denoted by Zt . We call it the twisted integer or the sign representation of the symmetric group of
order 2. Let g be a generator of π . We denote the element
∑n−1
i=0 gi ∈ Z[π] by N .
Lemma 2.1. Let ν :Z → Z[π] be a π -homomorphism such that ν(1) = N . Then Cokerν is isomorphic to I , that is,
there is a short exact sequence
0 → Z ν→ Z[π] → I → 0. (2.2)
Proof. We consider a π -homomorphism
α :Z[π] → I
such that α(1) = g − 1. Since αν = 0, we obtain the π -homomorphism
α¯ : Cokerν → I.
Since both π -modules Cokerν and I are free Z-modules and the basis of Cokerν and I are {gi}0in−2 and
{gi+1 − gi}0in−2, respectively, the homomorphism α¯ is the π -isomorphism. 
1934 T. Matumoto, T. Nishimoto / Topology and its Applications 154 (2007) 1931–1941Recall that the cohomology H ∗(K(π,1);Λ) is isomorphic to Ext∗
Z[π](Z,Λ). The following sequence
0 ← Z ← Z[π] g−1←− Z[π] N←− Z[π] g−1←− Z[π] N←− · · ·
is a projective resolution of Z. Then Ext∗
Z[π](Z,Λ) is isomorphic to the cohomology of the cochain complex
0 → Λ g−1−→ Λ N−→ Λ g−1−→ Λ N−→ · · · , (2.3)
and we have
Hi
(
K(π,1);Λ)=
⎧⎨
⎩
Λπ i = 0,
Λπ/NΛ i even and i = 0,
KerN/(g − 1)Λ i odd
(see, for example, [1,7]). In particular, for Z, I and Z[π], we have
Hi
(
K(π,1);Z)=
⎧⎨
⎩
Z i = 0,
Z/n i even and i = 0,
0 i odd,
(2.4)
Hi
(
K(π,1);I)= {Z/n i odd,
0 i even,
(2.5)
Hi
(
K(π,1);Z[π])= {Z i = 0,
0 i > 0.
(2.6)
Proposition 2.2. The inequality dπ1(X;Z) 2 holds.
Proof. The result follows from the following diagram
0 ExtZ(H1(K(π,1);Z),Z)
∼=
∼=
H 2(K(π,1);Z)
f ∗
0 ExtZ(H1(X;Z),Z) H 2(X;Z)
where the rows are induced by the universal coefficient theorem. 
Proposition 2.3. The π1-cohomological dimension dπ1(X;Z) and dπ1(X;I) are even and odd, respectively. Moreover
we have
|dπ1(X;Z)− dπ1(X;I)| = 1.
Proof. Eqs. (2.4) and (2.5) imply the former statement. We consider the following diagram
Hi(K(π,1);Z) δ∼= Hi+1(K(π,1);I)
H i(X;Z) δ H i+1(X;I)
for i > 0 where δ is the connecting homomorphism induced by the short exact sequence (2.1). If i > dπ1(X;Z), then
the left vertical homomorphism is trivial and so is the right one. Then we obtain dπ1(X;I)  dπ1(X;Z) + 1. In a
similar way, we obtain dπ1(X;Z)  dπ1(X;I) + 1 using the short exact sequence (2.2). Thus we obtain the latter
statement. 
The following theorem points out the importance of the cohomology with integer coefficient Z and the cohomology
with local coefficient I to determine the π1-cohomological dimension dπ (X) when π1(X) is a finite cyclic group.1
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dπ1(X) = max
{
dπ1(X;Z), dπ1(X;I)
}
.
Proof. It is sufficient to show that
dπ1(X;Λ)max
{
dπ1(X;Z), dπ1(X;I)
}
for any local coefficient Λ. In the proof, we regard I as Z[π]/ν(Z). For any element x = [λ] ∈ H 2i+1(K(π,1);Λ),
there is a π -homomorphism ϕλ :Z[π] → Λ such that ϕλ(1) = λ. Since Nλ = 0, we have ϕλν = 0 and we obtain a
homomorphism ϕ¯λ :Z[π]/ν(Z) → Λ. Then we have ϕ¯λ∗([1]) = x, where [1] ∈ H 2i+1(K(π,1);Z[π]/ν(Z)) ∼= Z/n
is a generator. The following diagram
H 2i+1(K(π,1);Z[π]/ν(Z)) ϕ¯λ∗
f ∗
H 2i+1(K(π,1);Λ)
f ∗
H 2i+1(X;Z[π]/ν(Z))
ϕ¯λ∗ H
2i+1(X;Λ)
is commutative and we obtain f ∗(x) = f ∗ϕ¯λ∗([1]) = ϕ¯λ∗f ∗([1]) = 0 if 2i+1 > dπ1(X;Z[π]/ν(Z)). In a similar way,
for any element x ∈ H 2i (K(π,1);Λ), we can obtain f ∗(x) = 0 if 2i > dπ1(X;Z). Thus we obtain the result. 
Proposition 2.3 and Theorem 2.4 induce the following corollaries.
Corollary 2.5. The following two inequalities hold:
dπ1(X)− dπ1(X;Z) 1,
dπ1(X)− dπ1(X;I) 1.
Corollary 2.6. Suppose that there is a π -module Λ satisfying one of the following two conditions:
(1) dπ1(X;Λ) = dπ1(X;Z)+ 1,
(2) dπ1(X;Λ) = dπ1(X;I)+ 1.
Then we have dπ1(X) = dπ1(X;Λ).
Let T (X;Λ) be the torsion subgroup of H ∗(X;Λ) consisting of all the elements x whose order is not divided by
any prime p not dividing n. The following theorem is often useful to calculate dπ1(X).
Theorem 2.7. Let k  2 be an integer. Suppose that kx = 0 for any element x ∈ T (X;Z). Then we have
dπ1(X;Z) dπ1(X;Z/k).
Moreover, if dπ1(X;Z/k) is odd, then we have
dπ1(X) = dπ1(X;Z/k).
Proof. Recall that
Hi
(
K(π,1);Z)=
⎧⎨
⎩
Z if i = 0,
Z/n if i even and i = 0,
0 if i odd.
Then it is obvious that the image of f ∗ :H ∗(K(π,1);Z) → H ∗(X;Z) is contained in T (X;Z) for ∗ > 0. Since the
assumption implies that T (X;Z) is isomorphic to T (X;Z)⊗ Z/k, the composed map
Imf ∗ ⊂ T (X;Z) ∼= T (X;Z)⊗ Z/k ⊂ H ∗(X;Z)⊗ Z/k → H ∗(X;Z/k)
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∗
−→
H ∗(X;Z) ρ∗−→ H ∗(X;Z/k). Using the following diagram
H ∗(K(π,1);Z) f ∗
ρ∗
H ∗(X;Z)
ρ∗
H ∗(K(π,1);Z/k) f ∗ H ∗(X;Z/k)
we obtain the inequality dπ1(X;Z) dπ1(X;Z/k), since Imρ∗f ∗ is contained in the image of f ∗ :H ∗(K(π,1);Z/k)→ H ∗(X;Z/k).
If dπ1(X;Z/k) is odd, using Corollary 2.5, we obtain that
dπ1(X;Z) < dπ1(X;Z/k) dπ1(X) dπ1(X;Z)+ 1.
Then the coefficient Z/k satisfies the condition (1) of Corollary 2.6 and we obtain that dπ1(X) = dπ1(X;Z/k). 
Remark 2.8.
(1) Suppose that kx = 0 for any element x ∈ T (X;I). Then, in a similar way to Theorem 2.7, we have
dπ1(X;I) dπ1(X;I ⊗ Z/k).
Moreover, if dπ1(X;I ⊗ Z/k) is even, then we have
dπ1(X) = dπ1(X;I ⊗ Z/k).
(2) Suppose that π1(X) ∼= Z/2 and that H ∗(X;Z) and H ∗(X;Zt ) have no higher 2-torsion. Then it follows from
Theorem 2.7 that
dπ1(X;Z) dπ1(X;Z/2).
Since Zt ⊗ Z/2 ∼= Z/2 as π -module, it also follows from Remark 2.8(1) that
dπ1(X;Zt ) dπ1(X;Z/2).
Then we have
dπ1(X) = dπ1(X;Z/2).
(3) The assumption “kx = 0 for any element x ∈ T (X;Z)” of Theorem 2.7 is necessary. In order to show it, we
consider the space
X = RP 2i−1 ∪2π e2i ,
where π :S2i−1 → RP 2i−1 is the projection map. Then there is a homotopy commutative diagram
S2i−1 2π
2
RP 2i−1 X
S2i−1 π RP 2i−1 RP 2i
where the rows are cofibrations. Considering the long exact sequences associated to the above diagram, we obtain
dπ1(X;Z) = 2i, since
H 2i (RP 2i;Z) ∼= Z/2 → H 2i (X;Z) ∼= Z/4
is the inclusion map. On the other hand,
H 2i (RP 2i;Z/2) ∼= Z/2 → H 2i (X;Z/2) ∼= Z/2
is the 0-map so that we obtain
dπ1(X;Z/2) < dπ1(X;Z).
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In order to determine the π1-cohomological dimension of compact simple Lie groups G, we investigate a property
of T (G;Z).
Proposition 3.1. Let G be a compact simple Lie group with a non-trivial fundamental group π . If π is isomorphic to
a cyclic group, n denotes the order of π , and if π ∼= Z/2 ⊕Z/2, we put n = 2. Then, for any element x ∈ T (G;Z) we
have nx = 0.
Proof. The compact simple Lie groups whose fundamental group is non-trivial are classified in 6 series of classical
Lie groups and 2 exceptional Lie groups (see [18]),
SU(m)/Cn for m 2 and n|m, π1
(
SU(m)/Cn
)= Z/n,
PSp(m) for m 2, π1
(
PSp(m)
)= Z/2,
SO(m) for m 7, π1
(
SO(m)
)= Z/2,
PO(4m) for m 2, π1
(
PO(4m)
)= Z/2 ⊕ Z/2,
PO(4m+ 2) for m 2, π1
(
PO(4m+ 2))= Z/4,
Ss(4m) for m 3, π1
(
Ss(4m)
)= Z/2,
Ad E6, π1(Ad E6) = Z/3,
Ad E7, π1(Ad E7) = Z/2.
Let G˜ be a universal covering of G. First we consider the cases of G = SU(m)/Cn and PSp(m), where H ∗(G˜;Z) is
a torsion free group. We consider the following composed map
H ∗(G;Z) p
∗
−→ H ∗(G˜;Z) τ−→ H ∗(G;Z)
where p : G˜ → G is the projection map and τ is the transfer map. Since τp∗ = n, we have nx = 0 for any torsion
element x ∈ H ∗(G;Z).
It is well known that H ∗(SO(m);Z) has no higher 2 torsion (see, for example, [6, Theorem 4.9]). H ∗(PO(4m);Z)
also has no higher 2 torsion (see [2, Remark 8.8]).
For the case G = PO(4m+ 2), we consider the following composed map
H ∗
(
PO(4m+ 2);Z) p∗−→ H ∗(SO(4m+ 2);Z) τ−→ H ∗(PO(4m+ 2);Z),
where p : SO(4m+ 2) → PO(4m+ 2) is the projection map and τ is the transfer map. Then, for any 2 torsion element
x ∈ H ∗(PO(4m+ 2);Z), we have
4x = 2τp∗x = τ(2p∗x) = 0
since H ∗(SO(4m+ 2);Z) has no higher 2-torsion.
For the case G = Ss(4m), Ad E6 and Ad E7, we consider the Bockstein spectral sequence
E1 = H ∗(G;Z/p) ⇒ E∞ = H ∗(G;Z)/
(
T + pH ∗(G;Z)),
where T is the torsion subgroup of H ∗(G;Z). The properties of the Bockstein spectral sequence are known (see [3–
6]). In the proof, we use the property that, if Er = E∞, we have pr−1x = 0 for any p-torsion element x ∈ H ∗(X;Z).
We only calculate the Bockstein spectral sequence of Ss(4m). The cases of Ad E6 and Ad E7 are similar. Recall the
mod 2 cohomology of Ss(4m) (see [12]). We use the notations in [12].
s = s(4m) for 2s−1 < 4m 2s ,
r = r(4m) for 4m = 2r · odd (r  2),
L = {1,2,22,23, . . . ,2t , . . .},
L¯ = L¯(4m) = L∪ {2r − 1}.
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H ∗
(
Ss(4m);Z/2)= Δ(wi, z; i /∈ L¯,0 < i < 4m)⊗ Z/2[v¯]/(v¯2r ),
where Δ indicates the simple system of generators, the elements wi and v¯ are defined in Proposition 4.1 of [12], and
the element z is defined in Theorem 4.4 of [12]. The action of Sq1 is given by
Sq1(wi) =
{
v¯2
r−1 if i = 2r−1 − 1 and r  3,
iwi+1 otherwise,
Sq1(z) =
∑
i+j=2s−1,
0<i<j
w2iw2j +
∑
i+j=2s−1−1,
0<i<j
v¯2w2iw2j ,
Sq1(v¯) = v¯2.
Note that wi = 0, if i ∈ L¯ or i  4m. Since we have
w2i =
{
w2i if 2i < 4m,
0 if 2i  4m
for i /∈ L¯, we can rewrite the cohomology as follows:
H ∗
(
Ss(4m);Z/2)= Δ(w3,w5, . . . , wˆ2r−1, . . . ,w4m−1, z)⊗
(
m−1⊗
i=1
Z/2[w4i+2]/
(
w2
h(4m,i)
4i+2
))⊗ Z/2[v¯]/(v¯2r ),
where ˆ denotes omission and h(k, i) is the integer satisfying the inequality
2h(k,i)−1(4i + 2) < k  2h(k,i)(4i + 2).
We put
w¯2i−1 =
⎧⎪⎨
⎪⎩
w2i−1 + v¯2i−1 if i = 2r−2 and r  3,
w2i−1 if i ≡ 1 mod 2, or i = 2k with k = r − 2 or r < 3,
w2i−1 +wi−1wi otherwise, that is, i ≡ 0 mod 2 and i = 2k,
z¯ = z+
∑
i+j=2s−1,
0<i<j,
i =2r−2
w2i−1w2j +
∑
i+j=2s−1−1,
0<i<j
v¯w2iw2j .
Then we have
H ∗
(
Ss(4m);Z/2)= Δ(w¯3, w¯5, . . . , ˆ¯w2r−1, . . . , w¯4m−1, z¯)⊗
(
m−1⊗
i=1
Z/2[w4i+2]/
(
w2
h(4m,i)
4i+2
))⊗ Z/2[v¯]/(v¯2r ),
and
Sq1w¯2i−1 =
{
w2i if i ≡ 1 mod 2,
0 if i ≡ 0 mod 2,
Sq1z¯ = 0,
Sq1v¯ = v¯2.
Then we have
E2 = Δ(w¯3, w¯7, w¯11, . . . , ˆ¯w2r−1, . . . , w¯4m−1, z¯)⊗Δ(u2h(4m,i)(4i+2)−1;1 i m− 1)⊗Δ(y2r−1),
where u2h(4m,i)(4i+2)−1 is represented by w4i+1w2
h(4m,i)−1
4i+2 and y2r−1 is represented by v¯2
r−1
. Since dimZ/2 E2 =
dimQ H ∗(Ss(4m);Q), we obtain E2 = E∞. It means that H ∗(Ss(4m);Z) has no higher 2 torsion. 
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H ∗
(
K(Z/n,1),Z/p
)= {Z/2[u1], if p = 2, n = 2n′ and (2, n′) = 1,
Λ(u1)⊗ Z/p[u2], otherwise.
The mod p cohomology of the compact simple Lie groups is well known (see [18]). When π1(G) = Z/n, the homo-
morphism
f ∗ :Hi
(
K(Z/n,1),Z/p
)→ Hi(G;Z/p)
is the isomorphism for i  2. Then we can easily obtain
dπ1
(
SO(m);Z/2)= 2s − 1, for 2s−1 <m 2s , (3.1)
dπ1
(
Ss(4m);Z/2)= 2r − 1, for 4m = 2rq and (2, q) = 1, (3.2)
dπ1
(
PSp(m);Z/2)= 2r+2 − 1, for m = 2rq and (2, q) = 1, (3.3)
dπ1
(
SU(m)/Cn;Z/p
)= 2pr − 1, if p|n,pr |m and pr+1  |m, (3.4)
dπ1
(
PO(4m);Z/2)= 2r + 2s − 2, for 2s−1 < 4m = 2rq  2s and (2, q) = 1, (3.5)
dπ1
(
PO(4m+ 2);Z/2)= 2s − 1, for 2s−1 < 4m+ 2 2s , (3.6)
dπ1(Ad E6;Z/3) = 17, (3.7)
dπ1(Ad E7;Z/2) = 3. (3.8)
Using the above result, Theorem 2.7 and Proposition 3.1, we obtain the result of Theorem 1.3 except for the case of
SU(m)/Cn.
We investigate dπ1(SU(m)/Cn;Z/n). We decompose n into the product of primes n = ps11 . . . pskk . In general, for
any space X, we have
H ∗(X;Z/n) ∼=
k⊕
i=1
H ∗
(
X;Z/psii
)
.
It induces that
dπ1(X;Z/n) = max
{
dπ1
(
X;Z/psii
)}
. (3.9)
Since we have n|m, we can put m = pr11 . . . prkk m′ where ri  si and (pi,m′) = 1. We consider the Serre spectral
sequence
E2 = H ∗
(
BCn;Z/psii
)⊗H ∗(SU(m);Z/psii )⇒ H ∗(SU(m)/Cn;Z/psii )
associated with the fibre bundle SU(m) → SU(m)/Cn → BCn. The following lemma is useful to determine the π1-co-
homological dimension, since Eq,0∞ is isomorphic to the image of Hq(BCn;Z/psii ) → Hq(SU(m)/Cn;Z/psii ).
Lemma 3.2. We have Eq,0∞ = 0 for q  2prii . In particular, we have
dπ1
(
SU(m)/Cn;Z/psii
)
 2prii − 1.
Proof. Recall that
H ∗
(
SU(m);Z/psii
)= Λ(z3, z5, . . . , z2m−1),
H ∗
(
BCn;Z/psii
)= Λ(u1)⊗ Z/psii [u2].
We consider the following diagram:
SU(m) SU(m)/Cn BCn
U(m) PU(m) ∞CP
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τ(z2j−1) =
(
m
j
)
u
j
2 where τ is the transgression (see [2, Theorem 4.1]). If j = prii , then we have
(
m
j
) ≡ 0 mod pi ,
that is, τ(z2j−1) is a generator of E2j,02j . Then we obtain E
2j,0∞ = 0 for j = prii . Since Hq(BCn;Z/psii ) is contained
in the ideal of H ∗(BCn;Z/psii ) generated by uj2 for q  2j , we obtain Eq,0∞ = 0 for q  2prii . 
Summarizing the above lemma, Theorem 2.7 and (3.9), we obtain
dπ1
(
SU(m)/Cn;Z
)
 dπ1
(
SU(m)/Cn;Z/n
) (Theorem 2.7)
= max{dπ1(SU(m)/Cn;Z/psii )} (3.9)
max
{
2prii − 1
} (Lemma 3.2)
= max{dπ1(SU(m)/Cn;Z/pi)} (3.4)
Since dπ1(SU(m)/Cn;Z/pi) are odd (see (3.4)), we obtain Theorem 1.3 for the case of G = SU(m)/Cn.
The result dπ1(PO(8)) = 14 will be proved in the next section and the following conjecture is a pair of open
questions for m 3:
Conjecture 3.3. For the projective orthogonal group,
dπ1
(
PO(4m− 2))= dπ1(SO(4m− 2)) and
dπ1
(
PO(4m)
)= dπ1(SO(4m))+ dπ1(Ss(4m)).
4. Proof of Theorem 1.4
In this section, we construct maps from Lie groups G to finite CW-complexes K which induce the isomorphisms of
the fundamental groups. If dimK = dπ1(G), then we obtain catπ1 G = dπ1(G) using Theorem 1.1 and the inequality
dπ1(G) catπ1 G.
It is easy to obtain that catπ1 SO(2) = 1 and catπ1 SO(3) = 3, since we have dπ1(SO(2);Z) = dim SO(2) = 1
and dπ1(SO(3);Z/2) = dim SO(3) = 3. The projection map SO(4) ≈ RP 3 × S3 → RP 3 and the π1-cohomological
dimension dπ1(SO(4);Z/2) = 3 induce that catπ1 SO(4) = 3.
James and Singhof [11], and Iwase, Mimura and the second author [15] determined the L-S category and the strong
L-S category of non-simply connected Lie group SO(m) for m 9. In [15], they use the following fibre bundles
Sp(1) → SO(5) → RP 7,
SU(3) → SO(6) → RP 7,
G2 → SO(7) → RP 7,
Spin(7) → SO(9) → RP 15,
where the maps from total spaces to the base spaces induce the isomorphisms of the fundamental groups, respectively.
According to Theorem 1.3, the π1-cohomological dimension of the total spaces are equal to the dimension of the base
spaces, respectively. Then we obtain catπ1 SO(5) = catπ1 SO(6) = catπ1 SO(7) = 7 and catπ1 SO(9) = 15. Since SO(8)
is homeomorphic to SO(7)×S7, we obtain that catπ1 SO(8) = catπ1 SO(7). We consider the following composed map
SO(10) −→ SO(10)/SU(5) ≈←− SO(9)/SU(4) −→ SO(9)/Spin(7) ≈ RP 15,
where the second map is the homeomorphism and the third map is induced by the inclusions SU(4) ⊂ Spin(7) ⊂
SO(9). Since dπ1(SO(10)) = dimRP 15, we obtain catπ1 SO(10) = 15.
We consider the following fibre bundles
Spin(4m− 1) → Ss(4m) → RP 4m−1,
Sp(m− 1) → PSp(m) → RP 4m−1,
SU(m− 1) → SU(m)/Cn → L2m−1(n),
T. Matumoto, T. Nishimoto / Topology and its Applications 154 (2007) 1931–1941 1941where L2m−1(n) is a lens space of dimension 2m − 1. The L-S π1-category of the total spaces are smaller than or
equal to the dimension of the base spaces. If 4m = 2r for some r , then we have dπ1(Ss(4m)) = dimRP 4m−1. Then we
obtain catπ1 Ss(2r ) = 2r − 1. In a similar way, we obtain catπ1 PSp(2r ) = 2r+2 − 1 and catπ1 SU(pr)/Cps = 2pr − 1.
We consider the following fibre bundle
G2 → PO(8) → RP 7 × RP 7.
Since dπ1(PO(8);Z/2) = dimRP 7 × RP 7 (see (3.5)), we obtain catπ1 PO(8) = dπ1(PO(8)) = 14.
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